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Abstract. We investigate Grobner bases of contraction ideals under some monomial ho- 
momorphisms. As an application of our theorem, we generalize the result of Aoki-Hibi- 
Ohsugi-Takemura and Hibi-Ohsugi. Using our results, one can provide many examples 
of toric ideals that admit square-free or quadratic initial ideals. 
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1. Introduction 

We denote by N = {0, 1, 2, 3, ... } the set of non-negative integers. For a given positive 
integer n, [n] = {1, 2, . . . ,n) denotes the set of the first n positive integers. For a multi- 
index a = %ai, . . . , a r ) and variables x = (x\, . . . , x r ), we write x a = x[ l • • • x a r " . We set 
\a\ = a\ + • • • + a r . In this paper, "quadratic" means "of degree at most two". We say that 
a monomial ideal J satisfies a property P (e.g. quadratic, square-free, or of degree m) if 
the minimal system of monomial generators of J satisfies P. 

In recent years, applications of commutative algebras in statics have been success- 
fully developed since the pioneering work of Diaconis-Sturmfels (5). They gave alge- 
braic algorithms for sampling from a finite sample space using Markov chain Monte 
Carlo methods. In some statical models, sample spaces are described as J7l-fiber space 
Fibery((Z>) n N" = {a = %a\, ...,a n ) e N" | Jl ■ a = b\ of b for some m x n inte- 
ger matrix 3i and b e N". The toric ideal of the matrix J{ is the binomial prime ideal 
= (x a - x h \ a,b e N", Jl ■ a = Jl ■ b) in the polynomial ring K[x] = K[x\ ,...,x n ]. 



l 



2 



TAKAFUMI SHIBUTA 



In case where is a homogeneous ideal, Diaconis-Sturmfels shows that using a sys- 
tem of generators of one can construct a connected Markov chain over the finite set 
Fibery((Z>) for any b. 

We are interested in when admits a quadratic initial ideal or a square-free initial 
ideal. In this paper, we consider the case where M is S ■ C, the product of two matrices 
T> and C. Defining ideal of Veronese subrings of toric algebras, Segre products of toric 
ideals, and toric fiber products of toric ideals are examples of toric ideals of form 1^ with 
A = S ■ C for some S and C. We will show that in case where C has a good symmetric 
structure related with S, P^ admits a quadratic (resp. square-free) initial ideal if both 
of Ps and P c admit quadratic (resp. square-free) initial ideals. As an application of our 
result, we generalize the result of [1] and [8] about nested configurations. 

Let R = K[xi, . . . , x r ] and S = K[y u . . . , y s ] be polynomial rings over a field K, I 
an ideal of S, and (p '■ R — * S a ring homomorphism. We call the ideal fa 1 (I) the 
contraction ideal of / under (p. In this paper, we will investigate when the contraction 
ideal fa 1 (I) admits a square-free initial ideal, or a quadratic initial ideal. The one of 
the most important ring homomorphisms in combinatorics and algebraic statistics are 
monomial homomorphisms: Let 3i = (a (1) , . . . , a (l) ) be a p x s integer matrix with column 
vectors a w = '(of , . . . , a®) e "W, and consider the ring homomorphism 



We call fa a monomial homomorphism. Using abusive notation, we sometime confound 
the matrix ${ = (a (1) , . . . , a (v) ) with the set {a (1) , . . . , a (s) } if a (0 ± a U) for all i ± j. We 
denote by N^l = {2/n;a w | ft,- e N} the affine semigroup generated by column vectors 
of 3K, and by K[Ji] the monomial if-algebra K[z" (l> , zf]. Note that P m = Ker fa. 
We call Jl a configuration if there exists a vector + A = (Ai, . . . , /LJ 6 such that 
A • a {l) = 1 for all i. If !R is a configuration, then P^ is a homogeneous ideal in the usual 
sense and some algebraic properties of K[Jl] = S /P^ can be derived from Grobner bases 
of P^: If in^Ptf) is generated by square-free monomials, then K[^l] is normal. For a 
homogeneous ideal / c S , if / has a quadratic initial ideal with respect to some term 
order, then S /I is a Koszul algebra, that is, the residue field K has a linear minimal graded 
free resolution. In this paper, we prove that in some cases, if both of / and Ker (p^ admit 
square-free or quadratic initial ideals, then so does the contraction ideal (f>^(P) (Theorem 
13.161) . As a corollary, we obtain the next Theorem. 

Thorem 1 (Theorem 13.161) . Let *V = (i>i, . . . , v s ), i>, e Z d , be a d x s integer matrix. Let 
S = K[yi, . . . , y s ] be a X d -graded polynomial ring with deg zrf (j/ 1 ) = v it and 9) c X d a 
finitely generated subsemigroup. Let JKbe a system of generators as a semigroup of 



Suppose tha 3K is a finite set. Let I c S be a X d -graded ideal. Then the following hold. 
(1) If both of I and P^ admit initial ideals of degree at most m, then so is <f>^(I). 



fa : S = K[y u ...,y s ] 




{a = '{a u ...,a s ) e N* | <V ■ a e §}. 
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(2) If both of I and P^ admit square-free initial ideals, then so is <p^(I). 

Our interest is primarily in case where / is a toric ideal. In this case, 4>~^{I) is also a toric 
ideal. Let 3\ = (a (1) , . . . , a (r) ) be an s x r matrix with a (0 e N v , and S = (b (l) , b (s) ) a 
jx x s matrix with b (j) e . Then we obtain monomial homomorphisms 

Note that the composition of monomial homomorphism is also monomial homomorphism 
defined by the product of the matrices, (ps 4>^. = 4>b ^ an d the toric ideal P$.&, is the 
contraction ideal <p^(Pg). By Theorem [TJ the following theorem holds. 

Thorem 2 (Theorem @77]>. Let d > and A; e N/or i e [d] be integers, X d = @^ =1 Ze ( - 
a/ree X-module of rank d with a basis e\,... ,e d , and S = K[y { j } I i e [d], j e [/t,]] a 

X d -graded polynomial ring with degy^ = ejfori e [d], j e [A,-]. Lef J?l c N d = @ i=1 Ne* 
£>e a configuration. We set 

d 

Ji = [a = (af | i 6 [J], j e [A,]) e Z* | deg zrf i/ a e jfl}, 

i=i 

i? = ^[x a I « 6 ^tl (p<n : i? — » 5, x a i-> i/ a . Le? "V £e a v x // integer matrix, and 
W[, . . . ,wj 6 Z v linearly independent vectors. For i e [d], we fix a finite set 

Si = {bf | j e [At]} c Fiber^(iw/) = {ft e Z^ | *V • b = Wi} c Z". 

We set S = S\ U • • • U S d which is a configuration ofW. We set 

W[S u ...,S d ]:=l afbf\a = (af\i€[d],j€[Ai])€^\. 

ie[dlje[A,] 

Then the following hold. 

(1) If both ofPs and P^ admit initial ideals of degree at most m, then so is Pji[Si,...,s d ]- 

(2) If both of P$ and P^ admit square-free initial ideals, then so is P^[s l ,...,s d y 

Note that 3\ is a nested configuration defined in HI. This theorem is a generalization 
of the theorem of Aoki-Hibi-Ohsugi-Takemura [1J and Hibi-Ohsugi [[8]|, and contains 
the result of Sullivant IfTUl (toric fiber products). The easiest case is the case where there 
exists . . . ,fj. d e N such that /j. = yui + • ■ • + fi d , W = W l x • • • x W d , and S t c 
{0} x • ■ • x {0} x W x {0} x • • • x {0} for all i. If this is the case, the Grobner basis of 
P s is the union of Grobner bases of Pg/s, and Theorem [2] is follows from Hibi-Ohsugi 
O Theorem 2.6. It often happens that the product S ■ Jl of two matrices S and Jl has 
two equal columns. If J{ = (a (1) , . . . , a (r) ) is a matrix with a il) = and -< is a term 
order on R such that x t < Xj. Let SI' = (a (1) , . . . , a (,_1) , a ((+1) , . . . , a w ). Then the union 
of {xj - Xi) and a Grobner basis of P^ c K[x\, . . . , xy_i,x 7+ i, . . . , x r ] with respect to the 
term order induced by < is a Grobner basis of P&. Therefore a Grobner basis of P& and 
that of Pw are essentially equivalent. In particular, the maximal degree of the minimal 
system of monomial generators of in^CP^) coincides with that of in^P^), and m^P^)) 
is generated by square-free monomials if and only if in < (P^) is. 
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We will present a small example. Assume that there are four ingredients z\,Z3,Z3,Z4, 
and three manufacturers B\,B 2 ,B3. Assume that each ingredient Z\ is equipped with a 
property vector v t = (i>ji,Ua,i>a) e N 3 as in Tabled] For example, zt's are cooking 



Ingredient 


Property 1 


Property 2 


Property 3 


Z\ 


600 


30 


20 


Zi 


400 


30 


10 


Z3 


700 


20 


30 


Z4 


1200 


40 


50 



Table 1. Ingredient 



ingredients and v t is the list of the nutritions of Zu or z,-'s are financial products and 
Vi is the list of the price, the interest income, and the risk index of z,-. Each of man- 
ufacturers provides products combining Z\,...,Za- A product is expressed as a mono- 
mial z\ l z b 2 2 z b 3 z h ^ where b t is the number of z, contained in the product. Assume that 
property vectors are additive, that is, the property vector of z^z^Z^Z^ is b\V\ + ■ ■ ■ + 
b^v A . Suppose that each manufacturer Bj sells the products with a fixed property vec- 
tor Wj as in Table [2j Suppose that each customer choose two manufacturers and buys 



Manufacturer 


products 


property vector Wj 


Bi 


yi := z^Z3Z4, yi ■= z\ziz\ 


(3100, 120, 120) 


B 2 


\f3 '■- Z1Z3Z4, \)4 '■= Z2Z3Z4 


(3700, 130, 150) 


B 3 


22- 2- 24 

ys ■ - z Y z 4 , y6 ■ - ziZ2Z 3 Z4, yi ■- z 2 z 3 


(3600, 140, 140) 



Table 2. Products 



one product from each chosen manufacturer. Then there are 16 patterns of choice as 

ym, ym, yiys, Me, yiyi, Ms, Me, Mi, Ms, Me, Mi, Ms,Me, y\yi, and 

we name them X\,..., x i6 , respectively. Suppose that there are 1000 customers, and the 
choices of the customers is 

c = '(101 , 59, 80, 21, 129, 62, 78, 83, 47, 5 1, 98, 70, 12, 58, 3 1 , 20) 

where the k-th component of Cq is the number of customers whose choice is xt- We will 
count the number of y; that are sold, and the number of Zi in the whole of the sold products. 
Let 



ft 



n 10011 100000000 o\ 
0011000111000000 
10100000001 1 1000 
01010000000001 1 1 
0000100100100100 
0000010010010010 
Vo 000001001001001,' 



S 



(2 

1 
1 







1 1 

1 1 

3 1 3 

2 1 







0\ 

2 
4 

0; 



Then the j-th component of ft ■ c = '(429, 282, 361, 189, 368, 210, 161) is the number 
of yj that are sold, and the i-th component of S ■ (ft ■ c ) = '(2447, 1003, 3267, 2286) is 
the number of Zi in the whole of the sold products. We consider all the possibilities of 
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1000 customers choices such that the number of n in the whole of the sold products is 
the same as Cq for all i = 1, 2, 3, 4. This space is expressed as the (8 ■ j5T)-fiber space of 
b := (8 ■ ft) ■ c = '(2447, 1003, 3267, 2286); 

Fiber^O) n N 16 = {c e N 16 | (8 ■ ft) ■ c = b}. 

Grobner bases of the toric ideal of 

/3 22143232132121 0\ 
rt?<a_ 01 12012123012123 
i3 ' JX ~ 244613535713535 7 - 

,3 22132121043232 1, 

is used to analyze this model. The toric ideal P s .^ is complicated, and generated by 33 
binomials 

x l6 x t 4-x 2 l5 , X13-X1S, xi2-xu, x t6 xn-x 15 xu, Xi 5 Xn-xj 4 , x l6 x g -x l5 xi , xi S x 9 -xuXio, xuxg-xnxio, 
X1 6 X&-XUX10, X [5 X&-x n Xi0, X\4X$ —X[ J Xg, XlQXg-xj, X 7 -Xg, X 6 -Xg, Xi 6 X S -XuX 10 , x l5 x 5 -x n xg, 
Xi4X 5 -XnXg, XlQXs-XgXg, XgX 5 -x\, Xl 6 X 3 -Xi 5 X4, X l5 X 3 -X[4X4, Xi4X 3 -x n X4, X l0 X 3 -x g X4, XgX 3 -XgX4, 
X8X3-X5X4, X2-X3, X\(,X\-X\4X4, X [5 X l -X ll X4, X\4X\-X\\X 3 , X l0 Xi-XgX4, X9X1-X5X4, X%X 1 ~X 5 X 3 , X4X\-x\. 

On the other hand, 8 has a simple the toric ideal, and ft has a good combinatorial 
structure. The Grobner basis of P<g with respect to the lexicographic order < lex with 

J/7 <lex " " " <lex M\ ls 

{y4Ul - J/31/2, J/61/1 - ysU2, ~ ?/6?/2, ?/6?/3 ~ ~ #6?/4, UlUs ~ 

thus in <lex (P s ) is generated by square-free quadratic monomials, and admits a square- 
free quadratic initial ideal since ft is a nested configuration ([1J Theorem 3.6). By Theo- 
rem [21 we conclude that P B .^ also admits a square-free quadratic initial ideal. 

2. Preliminaries on Grobner bases 

Here, we recall the theory of Grobner bases. See 0, [0 and (91 for details. 

Let R = K[x\ , . . . , x r ] be a polynomial ring over a field K. A total order < on the 
set of monomials {x a \ a e N r } is a term order on R if jc° = 1 is the unique minimal 
element, and x a < x h implies x a+c < x h+c for all a, b, c e W. Let a = \ai, . . . , a,) and 
b = t (b l ,...,b r )eW. 

Definition 2.1 (lexicographic order). The term order < lex called a lexicographic order 
with x r <i ex ■ ■ ■ <i ex X\ is defined as follows: x a <\ ex x h if cij<bj where j = minjz | a, ^ bi}. 

Definition 2.2 (reverse lexicographic order). The term order < r[ex called a reverse lexico- 
graphic order with x r < r i ex ■ • • < r i ex X\ is defined as follows: x a < r [ ex x b if \a\ < \b\ or 
\a\ = \b\ and aj>bj where j = minjz | a,- + bi}. 

Definition 2.3. Let -< be a term order on R, f e R, and / an ideal of R. The initial term of 
/, denoted by in^/), is the highest term of / with respect to < We call in^(/) = (in^f) | 
f e I) the initial ideal of / with respect to < We say that a finite collection of polynomials 
G c / is a Grobner basis of / with respect to < if (in^g) \ g e G) = in^/). 
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Remark 2.4. The set of all monomials not in the initial ideal in<(/) forms a basis of R/I 
as a AT-vector space. 

— G 

We recall the Buchberger's Criterion. We denote by / a remainder of / on division 

— G 

by G. If G is a Grobner basis of / with respect to -<, / is the unique polynomial g such 
that f - g e I and any term of g is not in ul<(/). 

Definition 2.5. The S-polynomial of / and g is given by 



Theorem 2.6 (Buchberger's Criterion). Let I c K\x\, . . . , x r ] be an ideal with a system of 

G 

generators G. Then G is a Grobner basis for I if and only if S(f, g) = Ofor all f,g e G. 

We can also consider initial ideals with respect to weight vectors. Fix a weight vector 
w = (wi, . . . , w r ) e W. We grade the ring R by associating weights w t to x,. Then the 
weight of jc" e R is w ■ a. 

Definition 2.7. Given a polynomial f e R and a weight vector w, the initial form in w (f) 
is the sum of all monomials of / of the highest weight with respect to w. We call in„,(7) = 
<in„,(/) | / e I) the initial ideal of / with respect to w. We say that a finite collection of 
polynomials G c / is a pseudo-Grobner basis of / with respect to w if (m w (g) \ g e G) = 
in„,(7). If G is a pseudo-Grobner basis and in w (g) is a monomial for all g e G, we call G a 
Grobner basis of / with respect to w. 

It is easy to prove that any pseudo-Grobner basis of an ideal is a system of generators 
of the ideal. 

We define a new term order < w defined by weight vector w with a term order -< as a 
tie-breaker. 

Definition 2.8. For a weight vector w and a term order <, we define a new term order < w 
as follows: x a < w x b if w ■ a < w ■ b, or w ■ a = w ■ b and x a < x b . 

A Grobner basis of / with respect to < w is a pseudo-Grobner basis of / with respect to 
w, but the converse is not true in general. We end this section with the following useful 
and well-known propositions. See S for the proofs. 

Proposition 2.9. For any term order < and any ideal I c R, there exists a vector ioeN r 
such that in^/) = in„,(7). 

Proposition 2.10. in < (in U) (/)) = in <w (I). 



Rings appearing in this paper may equip two or more graded ring structures. To avoid 
the confusion, for a ring with a graded ring structure given by an object *, (for exam- 
ple, a weight vector w, an abelian group Z rf , and so on) we say that elements or ideals 
are *-homogeneous or *-graded if they are homogeneous with respect to the graded ring 



S(f,g) = 



lcm(in < (/),in < (^)) 
in<(/) 



f- 



lcm(in < (/), in < (gr)) 
in<(#) 



3. Grobner bases of contraction ideals 
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structure given by *. For a *-homogeneous polynomial /, we denote by degXf) the degree 
of / with respect to *. 

Let R = K[x\, . . . ,x r ] and S = K[yi, . . . , y s ] be polynomial rings over K, and / an 
ideal of S . Let J?l = {a (1) , . . . , a ir) } c W, and 0^ : R — > S (xj i-» y a ' ) be a monomial 
homomorphism. Fix a term order < on 7?. We investigate when the contraction of an 
ideal (p^(T) has square-free or quadratic initial ideals. It is expected that if both of / and 
= Ker0^ have such properties, then so does <p~£(T). We will prove this holds true 
under some assumptions. First, we prove this in case where / is a monomial ideal, then 
reduce the general cases to monomial ideal cases. 

3.1. In case of monomial ideals. In this subsection, we consider contractions of mono- 
mial ideals. 

Definition 3.1. For a monomial ideal J, we denote by 8(J) the maximum of the degrees 
of a system of minimal generators of J. 

Definition 3.2. Let / c S be a monomial ideal. Let L { ^\l) be a monomial ideal gener- 
ated by all monomials in <p^(T)\ in^P^). We denote by M^(I) the minimal system of 
monomial generators L { ^\l) 

Let Ii, I 2 c S be monomial ideals. Then 

Lf\h+h) = Lf\h) + Lf\h) 

as <f>y{(u) e h + h if and only if <p^(u) e I\ or (f>^(u) e I 2 for a monomial u. In particular, 
if / is generated by monomials y bl , . . . , y bn , then 

Lf \l) = LfV') + • • • + L«fV"). 

Lemma 3.3. Le? I <z S be a monomial ideal. Then the following hold: 

(1) 5(Lf < 8(1). 

(2) If I is generated by square-free monomials, then L\ (I) is generated by square- 
free monomials. 

Proof. It is enough to prove in case where / is generated by one monomial v. Let u e 
(p~^(I)\ in^Ptf) be a monomial. 

(1) Let 5 := 6(1) = deg(y) and m = deg(w). Assume that m > 6. It is enough to show 
that there exists a monomial u' e <p'^(I) of degree strictly less than m such that u' divides 
u. We prove this by induction on 8. It is trivial in case where 8 = 0. Assume that 8 > 1 . 
We may assume, without loss of generality, that x\ divides u. Let v = gcd(v,cf>^(xi)). If 
v = 1, we can take ujx x as «'. If v 1, then v/v is a monomial of degree at most 5—1, and 
u/xi e <p^({v/v)). By the hypothesis of induction, there exists a monomial u" e (p^(v/v) 
such that u" divides ujx\ and deg(w") < m - 1. Then m' = jci • «" is a monomial with 
desired conditions. 

(2) We may assume, without loss of generality, that v = YVj=i Dj f° r some t < s. Let 
x a = ni=i e be a monomial. It is enough to show that there exists a square-free 
monomial in <p~£(T) that divides x a . For I < k < t, there exists 1 < i(k) < r such that 
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a,-(k) + and yu divides ^(x,-^)). Let A = {z'(l), . . . , i(f)}. Then FJieA x i is a square-free 
monomial in 4>"^{I) which divides x a . □ 

Proposition 3.4. Let I c 5 be a monomial ideals. Let be a Grobner basis ofP^ with 
respect to < Then the following hold: 

(1) G${ U M { ^\l) is a Grobner basis of(p^(I) with respect to < 

(2) SQn^iD)) < max{5(/),5(i n< (^))} 

(3) If I and m^P^) are generated by square-free monomials, then in < (0^ ( 1 (/)) is gen- 
erated by square-free monomials. 

Proof. It is clear that G M U M ( f\l) c <p~J{(I). Let / 6 <f>^(I), and q the remainder of 
/ on division by G^. Then any term of q is not in in^CP^). Hence different monomials 
appearing in q map to different monomials under <p&. Since / is a monomial ideal, it 
follows that all terms of q are in (7). Thus the remainder of q on division by M^\l) 
is zero. Therefore a remainder of / on division by G U M^{T) is zero. This implies (1). 
We conclude (2) and (3) immediately from (1) and the Lemma [331 □ 

3.2. Reduction to case of monomial ideals. Let / be an ideal of S . We fix a weight 
vector w = (wi, . . . , w s ) e N v on S = K[y\, . . . , y s ] such that in w (I) is a monomial ideal. 
We take 

(p^w :=wJl = (deg w fa(xi), deg w (p M (x r )) 

as a weight vector on R = K[xi, . . . , x r ] so that (p^ preserve weight. Then R and S are 
N-graded rings; R = @ im Ri and S = @- Et *Si where Rj and 5, are the ^-vector space 
spanned by all monomials of weight i with respect to <p* m w and w, respectively. Then (p^ is 
a homogeneous homomorphism of graded rings of degree 0, that is, (p^{Rd c 5, . Hence 
Pft is a <^u;-homogeneous ideal. It is easy to show that iry. w {(p~£(I)) c <p~£(m w (I)) (see 
Lemma I3~U1 (T)). This inclusion is not always an equality. 

Example 3.5. Let R = K[x\,x 2 ] and S = K[y l ,y 2 ] be polynomial rings, w = (2, 1) a 
weight vector on 5, and Jl = ( ^ j j. Then <Pm(xi) = yi, 4>j{(x 2 ) = y\y%, and (p^w = 
(2, 3). Let / be an ideal generated by / = y { + y 2 e S . Then 

•A^CD = (xi -yi,x 2 - yiy 2 ,f)r)R = (x\ + x 2 ) 
and thus m,p^ w ((p^(I)) = (x\). On the other hand, in w {f) = y\ and thus 

^(in^CO) = (x u x 2 ). 
Therefore m r ^ w ((p^(I)) * cp^(m w (I)). 

In the case where the equality w (<p^(rj) = (p~^(m w (I)) holds, we obtain the next 
theorem. 

Theorem 3.6. Let the notation be as above. Suppose, in addition, that the equality 

in^C^CQ) = ^(in«(i)) 
holds. Then the following hold: 
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(1) in^O^OO) = in^Px) + Lf\m w {I)\ 

(2) 6(m\,Jcp^(I))) < max{tf(in.(/)),(y(in^(P^))}. 

(3) If both of'm w (l) and m^P^) are generated by square-free monomials, then in< , J^k^ 
is generated by square-free monomials. 

Proof Since 

"Ss,.^ 1 ^) = in <( in <P'^w((p^(I))) = in^^in^/))), 

and in„i(7) is a monomial ideal, we obtain the assertion applying Proposition 13.41 to the 
monomial ideal in w (I). □ 

In the rest of this paper, we investigate when the equality m^ w (^(I)) = 0^(m w (I)) 
holds. 

3.3. Pseudo-Grobner bases. To investigate when the equality in^» ^(^(T)) = <p~^(m w {I)) 
holds, we extend the definition of pseudo-Grobner bases to ideals of N- graded rings. 

Definition 3.7. Let A = ® ieN A,- be an N-graded ring and / = G A (f G A,). We 
define in A (/) = f d where d = deg(/) = max{/ 1 f £ 0}. For an ideal / c A, we define 

in A (/) = <in A (/)|/G/>cA. 

We say that a finite collection of polynomials G c / is a pseudo-Grobner basis of / if 
<in A (#) | g G G) = in A <7). 

It is easy to show that a pseudo-Grobner basis of / generates /. Let A = (J) - €]N A' and 
5 = @- gN 5, be graded rings, and : A — > B a graded ring homomorphism of degree 0, 
that is, 4>{Ai) c 5, for all i. 

Lemma 3.8. Let I be an ideal ofB. Then the following hold: 

(1) uuGTH/)) c ^(inflCi)). 

(2) 7/"0 is surjective, then in A (0 _1 (7)) = _1 (in B (/)). 

Proo/ (1) Let / = Y.Lfi e where /, G A, and £ * 0. Then in A (/) = f d , 

<P(f) = Zti 6 /, and 0C/-) g B h Hence = or = m B (<f>(f)) e in B (7), and 
thus 0(in A (/)) g in B (7). 

(2) Since A/ Ker0 = 5 as N-graded rings, and (p~ l (I)l Ker0 = I as N-graded ideals, 
in A (0 _1 (/)) coincides with -1 (in B (/)) module Ker0. Since Ker0 is a homogeneous ideal 
of A, Ker (p c m A {(p~ l {I)), and it is clear that Ker0 c (f>~ [ (m B (I)). Hence we conclude the 
assertion. □ 

3.4. Sufficient condition for that initial commutes with contraction. Now, we return 
to the problem when the equality w (<p^(r)) = <t>^(m w (I)) holds. The homomor- 
phism (f>^ : R — > S can be decomposed to the surjection R — > K[Jl] and the inclusion 
K[Ji] 5 . Note that since K[M] has an N-graded ring structure induced by w, we can 
consider pseudo-Grobner bases of ideals of K[ff] in the sense of Definition [X7J Note that 
iftKW](f) = niaX/) for / G K[Jl]. By Lemma [3T8l the equality 
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holds if and only if the equality 

m Km {i n Km) = ha/) n Km 

holds. To obtain a class of monomial algebra K[Jl] such that this equality holds, we 
define subrings of graded rings. 

Definition 3.9. Let © be a semigroup, and S = @ V€(S S v a ©-graded ring. For a subsemi- 
group §> c ©, we define 

a graded subring of S . 

Let S = K[yi , . . . , y s ] a Z d -graded polynomial ring with deg Z d(j/») = where w ; e Z rf is 
a column vector. We set *V = . . . , and let §> be a finitely generated subsemigroup 
ofN^VcZ^. Then 

S m = K[y a loeN^-oeE 

and thus is Noetherian if and only if {a e N s ' | *V ■ a e §} is finitely generated as a 
semigroup. We will give sufficient conditions that is Noetherian. 

Definition 3.10. We say that a semigroup § c Z rf is normal if § = L n C for some 
sublattice L c Z rf and finitely generated rational cone C c Q d . 

It is well-known that normal semigroups are finitely generated (Gordan's Lemma). 

Proposition 3.11. Let S = K[y\, . . . ,y s ] a Z d -graded polynomial ring with deg xd (yd = 
v t e Z rf . We set *V = (vi, . . . , v s ), and let §> be a finitely generated subsemigroup o/N'V. 
Assume one of the following conditions. 

(1) §> is a normal affine semigroup. 

(2) There exists 1 < i\ <•••</,< J swc/z . . . , = {u^, . . . ,v it }, and 
Dij , . . . , are linearly independent. 

Then S (S) Z5 Noetherian. 

Proof. Set § = {a e N v | «V • a e $}. Recall that is Noetherian if and only if § is 
finitely generated semigroup. 

(1) As § is normal, there exist sublattice L c Z rf and finitely generated rational cone 
C c Q d such that § = L n C. We regard Tas a Q-linear morphism from Q v to Q rf . Let 
L and C denote the pull-back of L and C under *V, respectively. Then §> = L n C n N ,v = 
LnZ^nCfl R* . Since L n Z rf is a sublattice of Tf, and C n R* is a finitely generated 
rational cone, §> is also normal. Therefore, §> is finitely generated by Gordan's Lemma. 

(2) Note that IfV = Tjo h © • • • Tjo it . Let {w\ , . . . , w^} c N^V be a system of generators 
of §. Since . . . , v it are linearly independent, Fiber^(u; y ) n N s = {a e W \ • a = Wj} 
is a subset of {a e W \ \a\ = mj} for some positive integer mj > 0. Thus Fiber^/(«; 7 ) n N v 
is a finite set. We claim that lj^ =1 Fiber^(«; y ) n ISP is a finite system of generators of 

We denote by © the affine semigroup generated by \J £ j=l Fiber^v(«; 7 ) nN ! . Then © c §. 
For the converse inclusion, let a = '(ai, . . . , a s ) e We will prove a e © by induction 
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p 

on \a\. It is trivial if \a\ = 0. There exist b\,...,b( e N such that <V • a = £ =1 bj w j- 
Without loss of generality, we may assume that b\ ± 0. It is easy to show that there 
exists a' = \a' v . . . , a' s ) e N s such that *V • a' = W\ and a\ < a t for all 1 < i < s. Since 
'V-ia-a') = (b\ - Y)W\ +Z/=2 ^juij e §, a -a' e N s , and \a-a'\ < \a\, we have a -a' e (5 
by the hypothesis of induction. As a' e Fiber^(uJi) n N s c ©, and a = {a - a') + a', we 
conclude that a e ©. □ 

In the rest part of this paper, we consider only the case where S (S) is Noetherian, and 
use the following notation. 

Notation 3.12. Let S = K\y\, . . . , y s ], and d > a positive integer. We fix a d x s 
integer matrix *V = (vi,...,v s ) with the column vectors Vi,...,v s e Z rf . We define a 
Z rf -graded structure on S by setting deg zrf (z/,) = Then deg zrf i/ a = "V • a for a e N 4 ', 
and 5 = @ veZ d$v where S v is the 7£- vector space spanned by all monomials in S of 
multi-degree v. Let § be a finitely generated subsemigroup of N*V. We assume that the 
semigroup 

<r> := {a = \a u . . . ,a s ) \ <V ■ a e £} 

is finitely generated. Let = {a (1) , . . . , a (r) } c N s be a system of generators of § as a 
semigroup. Then = K[${%\. Let 7? [!o] = K[x\, . . . , x r ] a polynomial ring over K, and 
: 7? [S] — * S, Xi i-» ' , the monomial homomorphism. 

Remark that is not always a configuration. 

Definition 3.13. For v e Z rf , we define 



«€(-«+§; 

a Z rf -graded 7£L7ly,]-submodule of 5. Let be the minimal system of generators of 
C§(u) as an K[J{§\ -module consisting of monomials in S . 

lfS v * 0, then C$(p) = / ■ C§(i>) c K[ft%] for any * / e S v . Hence C§(i>) is 
isomorphic to an ideal of K[J{%] up to shift of grading, in particular, finitely generated 
overtfLTlg]. 

Lemma 3.14. Let the notation be as in Notation 13.721 Fix a weight vector w e N ? on 
S , and regard S and K[Jl%] as fi-graded rings. Let I be a Z d -graded ideal with Z rf - 
homogeneous system of generators F = {f\,...,ft\ with deg xd (f) = d, e Z d . Then the 
following hold: 

(1) I n £L?lf,] is generated by {y a ■ f\ie [€], y a 6 r§ (»,)}. 

(2) in^ §] (/ n £[%]) = m w (I) n £L%]. 

(3) 7/F ZS a pseudo-Grobner basis of I with respect to w, then 

{y a -f\ie[t], y a eY^ Vi )} 
is a pseudo-Grobner basis of I n 7£Ll?l§] m sense of Definition ^. 7\ 
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Proof. (1) For i e [£] and y a e r & (i),), y a -f is a Z rf -homogeneous element whose degree is 
in § by the definition of r§(o,), thus y" ■ f e K[M]. Let 7 be the ideal of T^LTl?,] generated 
by {y a -f\ie [€], y a e r 6 (vd}. Then 7 c / n ^[%]. 

For the converse inclusion, take a Z J -homogeneous element g e IC\K[M?,], deg(g) = v, 
and write g = £ where /j/s are Z d -homogeneous elements with deg(&//y) = ». Since 
w e §, it holds that e / n K[SH$], and thus deg zrf (/i,-) + Vj e §. Hence e C§(i> ; ). 
Therefore it follows that g & J. 

(2), (3) Assume that {fi, . . . ,f ( } is a pseudo-Grobner basis with respect to u;. Since 
in„,(7) is also Z rf -graded ideal and h\ w (f) e S v ., the contraction ideal in w (I) n 7f[J?l§] is 
generated by • m w (f) \ i e [€], y a e r$(o f )}. As # a • m w (f) = in w (y a ■ f), we conclude 
m K[ ^(I n K\fr$) = in.(7) n □ 

Proposition 3.15. Let the notation as in Notation \3.12\ We denote by w' the weight vector 
(p*^w = (deg„, 0^(xi), . . . , deg„, <f>x 6 (x r )). Then 

f^mjl)) = hv(<^.(/)). 

Proof. We also denote by <p^ the surjection R — > 7f [J?^]. By Lemma I3TT31 

in^^C/ n £L7l § ]) = m w (I) n #L7l s L 

and by Lemma [X8] (2), 

Thus ^(in.(i) n #L%]) = "V(^ § (/ n 7sTL%])). Since <^(7 n = <^.(7) for 

an ideal 7 c S , we conclude that 0^ (in,„(7)) = m w >(<f>^ (/)).. □ 

Theorem 3.16. Let the notation be as in Notation 13.721 Let I be a Z fi 1 -graded ideal, < 
a term order on and w e N 4 a weight vector of S such that in w (I) is a monomial 
ideal. We denote by w' the weight vector (p^w = (deg w 4>^{x\), . . . , deg^ (p^(x r )). Then 
the following hold: 

(1) 5(in^(0^(/))) < maxiSiinniDXSim^P^))}. 

(2) If both of in w (I) and in < (/ J y ((i ) are generated by square-free monomials, then 
in <w , (<p^ (I)) is generated by square-free monomials. 

Proof. The assertions follows from Theorem 13 .61 and Proposition [3J3J □ 

Note that Theorem 13.161 holds true even if J?l§ is not a configuration. 

3 .5. Pseudo-Grobner bases and Grobner bases of contraction ideals. We will give a 
method to construct a pseudo Grobner bases of 0^(7), and investigate when it become a 
Grobner basis. First, we fix the notation in this subsection. 

Notation 3.17. Let S = K[y u y s ], R l * ] = K[x u ...,x r ], and % : R m -> S be 
as in Notation |3.12[ Let -< be a term order on R^\ and the reduced Grobner basis of 
Pty with respect to < consisting of binomials. Let I c S be a Z rf -graded ideal, and fix 
a weight vector w e N s on S such that in,„(7) is a monomial ideal. We denote by w' the 
weight vector f^w = (deg w (p^ixi), deg w ^(x r )). 
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Definition 3.18. By Remark 1241 for + q e K\Jft.§\, there is the unique polynomial 
q e R m such that 4>^{q) = q and any term of q is not in in^P^). We define lift^(^) = q. 
For a subset Q c K[tt§], we write 

lifUQ) = m<(q) \qeQ}. 

Remark 3.19. (1) For q e K[M§], take a polynomial p e R m such that <p^(p) = q. 
Then lift^g) is the remainder of p on division by G^ 6 with respect to < 

(2) If u e K[^l^] is a monomial, then lift < (w) is a monomial such that deg w (u) = 
deg U) ,(lift^(w)) since the remainder of a monomial on division by a w' -homogeneous 
binomial ideal is a monomial with the same degree. Therefore, if Q is a set of 
monomials, then so is lift < (2). 

(3) Let q e K[Jl^] c S . If in„,(<7) is a monomial, then in lD >(lift < (#)) is also a monomial 
and deg^Clift^)) = deg w (q) by (2). Furthermore, hv(lifL<(#)) = lift^in^)), 
and J?(s .(in ( „/(lift < (^))) = in w (q). 

(4) Since R m / Ker^ = ^TL%] as N-graded rings, for an ideal J of K[^] with a 
system of generators Q, we have (f>^ s (J) = (rift<(0) + Ker0^ sv 

Proposition 3.20. Let J be an ideal in K[3\§\ with a pseudo-Grdbner basis Q = [q\, . . . , qt\ 
(in the sense of Definition ^. 7\ with a graded ring structure given byw). Then lift < (i 7 )UG i ^ fi 
is a pseudo-Grdbner basis of<p~^ f (J) with respect to w'. 

Proof. This easily follows from the above remarks. □ 
Combining Proposition 13.201 and Lemma [37141 we can obtain a pseudo-Grobner basis 

Definition 3.21. For a finite set F = {/i, . . . ,fy} c S, deg zrf f = v u we define 

LifUF) := YifU({y a ■ f \ i e [£], y a e r fi (p f )}) 

Proposition 3.22. Let the notation be as in Notation \3.17\ Let F = {f\, . . . , f e } a pseudo- 
Grdbner basis of I with respect to w consisting of X d -homogeneous polynomials. Then 
the union Lift < (F) U G^ is a pseudo-Grdbner basis of(p^(I) with respect to w'. 

Remark that G^ fi U Lift < (i 7 ) is not always a Grobner basis even if / is a principal 
monomial ideal. 

Example 3.23. Let S = K[y\,y 2 ,y 3 ] be an N-graded ring with deg(i/i) = deg(y 2 ) = 
deg(i/ 3 ) = 1. Let § = {In \ n e N} c N. Then = {\2, 0), '(1, 1), f (0, 2)}, R m = 
K[xi, x 2 , x 3 ], and <p^ : R m —> S, x\ i-» y\, x 2 i-» yiy 2 , x 3 i-» y\. Let < be the lexi- 
cographic order on R^ such that x\ < x 2 < X3. Then the reduced Grobner basis G^ s 
of is {X1X3 - x\\. Let I = (y 2 y\) and F = {y 2 y\}. Then Lift^(F) = {x 2 xt,\ and 
(pnJJ) = (x 2 x 3 ,xix 3 - x\). Let w be any weight vector on S. Since <t>& (I) is a w'- 
homogeneous ideal, G^ s U Lift^i 7 ) = {x 2 Xs, X\Xj, - x\\ is pseudo-Grobner basis of ^ (7) 
with respect to u/. However, G^ g U Lift < (i 7 ) is not a Grobner basis of 0^ (7). Recall that 
G^ s U Af^ (7) is a Grobner basis of <f>^ {J) with respect to by Proposition 13 .41 We 

have M^il) = {x 2 x 3 ,x 3 2 }, and G^ s U M ( ^\l) = {x 2 x 3 , Xyx 3 - x\, x\) is a Grobner basis of 
(I) with respect to < w > . 
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In Example 13.231 the monomial x\ is obtained by the S-polynomial SC*^, 
and has degree 3 which is strictly greater than deg(x 2 -*3) = 2. We will give a sufficient 
condition for the pseudo-Groner basis constructed in Proposition I3.22L to be a Grobner 
basis. 

Proposition 3.24. Let the notation be as in Notation \3.17\ Assume that J?T§ is a config- 
uration. Suppose that F = {fi,...,fe} is a Grobner basis of I with respect to w. Let 
Li = L<(in w (ji)) and M, = M^. (in,,,^)). Assume that for each i, there exists 5 t e N such 
that deg(w) = 5\for all u e M ; . Then G^ s . U Lift<(F) is a Grobner basis of<f>^(I) with 
respect to < w >. 

Proof. Note that is a homogeneous ideal as is a configuration. As G^ 6 U Lift<(F) 
is a pseudo-Grobner basis of 0^ (I) and G^ § consists of (//-homogeneous polynomials, 
the initial ideal nv(0^ (/)) is generated by G^ U {m w >(g) \ g e Lift < (F)}. Since 

in^(^(/)) = in<(in^(0^(/))) 

U Lift < (F) is a Grobner basis of 0^ (7) if and only if G^ g U {'m w >(g) \ g e Lift<(F)} is 
a Grobner basis of (p^ (m w (I)) = in w >((f>l£ (/)). By Remark [3 .191 (3), it follows that 

{m w ,(g) I g 6 Lift^F)} = IifUtin.Cfl | / e F}). 

Thus it is enough to show that 

G^ULift^in^l/eF}) 

is a Grobner basis of 0^ (in„,(/)) with respect to <:„/. Since {'m w (f) | / e F} is a system of 
generators of the monomial ideal in w (I), it is enough to prove this theorem of in w (I). Thus 
we may, and do assume that / is a monomial ideal and F = {f\, . . . , f e ] is the minimal 
system of monomial generators of /. Then G^ s U (U,=i Mi) is a Grobner basis of 0^ (I) 
by Proposition l3.4[ 

Note that Lift<(F) is a set of monomials, and G^ s U LifL(F) is a system of generators 
of 0^ (/). We will prove that G^ g ULifL(F) is a Grobner basis of 0^ (/) with respect to ■< 
using Buchberger's criterion. It is enough to show that the remainder of the S-polynomial 
S(u,g) on division by G^ 6 U Lift.<(F) is zero for all u e Lift < (F) and g e G^.. Let 
u e LifL(F). Then u e L, for some z, and thus deg(w) > 6 t . For any g e G^ § , as 
u <$. ia^iVA it follows that u 4 in<(g) and thus the degree of the S-polynomial S(u,g) 
is strictly greater than <5, . Let u' be a remainder of 5 (u, g) on division by G^ s U LifL(F). 
Since G^ s U LifL(F) is a set of homogeneous binomials and monomials, u' is zero or a 
monomial in L, of degree deg(S(w, g)) > Hence in^(a') = u' is zero or not a member 
of the minimal system of monomial generators of irv^^CO). If u' 4- for some u G 
LifL(F), this contradicts to the next lemma. □ 

Lemma 3.25. Let I c K[x\ , . . . , x r ] be a homogeneous ideal with a homogeneous system 
of generators G = {gi, . . . , g e }. IfG is not a a Grobner basis of I, then there exist 1 < i < 

G 

j < I such that the initial of S(gj,gj) is a member of the minimal system of monomial 
generators of'm^I). 
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Proof. First, note that if S (g h gj) ± 0, then the degree of S (g h gj) is not less than the 

G 

degrees of and g } . Assume, to the contrary, the initial of S (gj, gj) is zero or not a 
member of the minimal system of monomial generators of in < (7) for all 1 < i < j < I. Let 
F = {x bm , . . . , jc* <m> } be the minimal system of monomial generators of in < (7). Assume 
that G is not a Grobner basis. We may assume that x b 0> is the monomial of minimal degree 
among monomials in F which are not in (in^g) \ g e G). Let G' c 7 be a finite subset 
of I such that G U G' is a minimal Grobner basis of I computed from G by Buchberger's 
algorithm. Then there exists h e G'\G such that x hi ' = ul<(7i). By the procedure of 
Buchberger's algorithm, deg(jc A<1) ) = deg/i > degS(#,-, gj) for some 1 < i < j < t 
with S (gj, gj) ± 0. Let jc* W e F such that Jt 6 "° divides the initial of S (gj, gj) . By 
the assumption, the initial of S(g,, gj) does not coincide with jt* w , and thus the degree 
of x b<k) is strictly less than S{gi,gj) . Therefore deg(jc* U) ) > deg(jc fe< * ). Since any term 

of S (gi, gj) G is not in (in^g) | g e G), we have jt* w £ (m^g) \ g e G) . This is a 
contradiction. □ 



4. Applications 

We will present some applications of Theorem 13 .161 In all examples presented in this 
section, the grading of the polynomial ring of S satisfies the condition of Proposition [3JT] 
(2). 

4.1. Veronese configurations. Let S = K[yu ■ ■ -,y s ] = (eN Si be an N-graded ring 
with deg(i/,) = 1 for all i. Let d be a positive integer, and 

j[ d = { a = '(a u ...,a s )e N' s | \a\ = d] 

the Veronese configuration. Then S (N d) = K[Jl d ] is the rf-the Veronese subring of S . Let 
R = K[x a | a 6 J{ d ] be a polynomial ring, and (p^ d : R — > S (x a i-» y a ) the monomial 
homomorphism. It is known that there exist a lexicographic order on R such that m^P^) 
is generated by square-free monomial of degree two (0). 

Theorem 4.1. Let I c S be a homogeneous ideal, w a weight vector on S such that m w (I) 
is a monomial ideal, and < a term order on R such that m^P^j) is generated by square- 
free monomial of degree two. We denote the weight vector fi^w by w'. Then the following 
hold: 

(1) 5(in^,(0^(/)) < m a x{2,6(m w (I))}. 

(2) Ifin w (I) is generated by square-free monomials, then m <w , (0^ (/)) is generated by 
square-free monomials. 

Proof. The assertion immediately follows from Theorem l3.16l □ 

Eisenbud-Reeves-Totaro proved in [6J that if K is an infinite field, the coordinates 
yi, . . . , y s of S are generic, and < is a certain reversed lexicographic order, then it holds 
that 5(in_ (0^(7)) < m.ax{2,6(m w (I))/d). 
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4.2. Toric fiber products. We recall toric fiber products defined in IfTOll . Let s\,. . . , Sd, 
t\,,..,td and d be positive integers, and let 

S, = K[y] = K[yf \ i e [d],j e [*,-]], 5 2 = K[z] = K[zf \ i e [d],ke [f,]], 

be Z rf -graded polynomial rings regarded with 

deg(z/f ) = deg(zf ) = e t 

for i 6 [d], j 6 [5,], 6 [£,] where is the vector with unity in the z'-th position and zeros 
elsewhere. Then 

S := Si ® K S 2 = K[yf, zf I i e [d], j e [ Si ],k e [*,]] 

carries aZ j x Z^-graded ring structure by setting 

deg s (j/f) = (e h 0), deg s (z®) = (<U) 

for i e [J], j e e [fj in 5 . Let 

A = {(v, v)\ve X'} c Z rf x Z' 

be the diagonal subsemigroup of If 1 x Z rf . Since A is generated by | z e [J]}, we 

have 

5 (A) = KYyJzf I z e [d],j e e [£,]]. 

Let R = K[xjl | i e [d],j e [Si],k e [f,]] be a polynomial ring, and <p '■ R — * S the 
monomial homomorphism 0(x®) = yfz^. 

Let /i c Si and 7 2 c S 2 be Z d -graded ideals, and denote (7i <8» S 2 ) + (5 1 <8> 7 2 ) c 5 
simply by I\ + 1 2 . The ideal 

h XzjI 2 ■= <t*~\h +h) 

is called the toric fiber product of Iy and 7 2 . Originally, the assumptions in [101 are that 
deg(z/^) = deg(z^) = a (l) e Z rf with a (1) , . . . ,a {d) linearly independent, and I\ and I 2 are 
Z d -graded ideals, which are equivalent to ours. 

Let W\ and w 2 weight vectors of S i and 5 2 such that m Wl (Ii) and in W2 (I 2 ) are monomial 
ideals, and set w = (w\,w 2 ), the weight oder of S . Let G\ and G 2 be Grobner bases of Iy 
and I 2 with respect to w { and w 2 respectively. 

Theorem 4.2. Let the notation be as above. Let < be the lexicographic term order on R 
such that x? 1 ^ < xv^ ifi\ < i 2 or i\ = i 2 and j\ < j 2 or i\ = i 2 and j\ = j 2 and k\ > k 2 . 
Then the following hold: 

(1) 5(m <ra {h X&h)) < max{2,(5(in n , 1 (/i)),5(in a)1 (/ 2 ))}. 

(2) If both of m Wi (I\) and m Wl {I 2 ) are generated by square-free monomials, then 
in< ,, m (I\ x Z rf I 2 ) is generated by square-free monomials. 

Proof. By [fTDl Proposition 2.6, the Grobner basis of Ker (p with respect to < is 

1 * h < h < st, i < *, < k 2 < ti ] 
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where underlined terms are initial. Since G = G\ U G 2 is a Grobner basis of I\ + I 2 with 
respect to w, we have 

6(m w (h +I 2 )) = max{(5(in IOl (7 1 )),(5(in a , 1 (72))}. 
As I\ + I 2 is a Z rf x Z d -graded ideal, the assertions follow from Theorem 13 .161 □ 

In case of toric fiber product, the pseudo-Grobner basis constructed as in Proposition 
l3.22l from Grobner basis of Ii +I 2 is a Grobner basis of I\ x X d I 2 . This is mentioned in IfTOl 
Corollary 2.10, but the proof contains a gap (the author claims that the pseudo-Grobner 
basis is a Grobner basis without proof). The proof of Theorem 14.21 (1) by Sullivant ( IfTOl 
Corollary 2.11) uses this fact. We give a correct proof here. 

Theorem 4.3. Let Gi and G 2 be Grobner bases ofl\ andl 2 with respect to weight vectors 
Wi and w 2 respectively, and set w = (wi,w 2 ). Then the pseudo-Grobner basis ofl\ x z j l 2 
constructed from G := G l UG 2 as in Proposition \3. 22\ is a Grobner basis ofI\ x X d I 2 with 
respect to <p w . 

Proof. Let g e G. We denote by L g a monomial ideal generated by all monomials in 
_1 (in u; (^))\Ker0. Let M q be the minimal system of monomial generators of L g . By 
Proposition 13.241 it is enough to show that deg(w) = deg(g) for all u G M g to prove this 
theorem. Since g e S 1 = K[y] or g e S 2 = K[z], we may, and do assume that g e S t . Set 
m w {g) = y a . 

Let x b G M g . Then y a divide 4>{x a ). Since the degree of 4>{x b ) in y is the same as 
deg(jc A ) by the definition of (f>, we have deg(x°) > deg(y a ). By Lemma 1331 (1). it holds 
that deg(x fl ) < deg(y a ). Hence we conclude deg(jc*) deg(y a ) = deg(#). □ 

4.3. Generalized nested configurations. Let d and p positive integers, and take A t e N 
for i G [d]. Let J?l be a configuration of W 1 c (J) =1 Ze,-, where e t is the vector with unity 
in the z'-th position and zeros elsewhere. Let 

«( = {*? iJjcN" 

be a configuration of for i = l,2,...,d. The (generalized) nested configuration arising 
from J?l and S\, . . . , Sd is the configuration 

...,S d ]:= [bf + ■ ■ ■ + bf I 1 < r g N,^ + • • • + e ir e j k e [A h ], i k e [d]}. 

Originally, Aoki-Hibi-Ohsugi-Takemura ([Tjfl) define nested configurations in case where 
there exists < p u ...,p d e N such that W = N^ 1 x ■ • ■ x W d and S, c WK For 
1 < i < d, let Si = {ef, . . . , ef,} be the configuration of Ze (0 . Then Si U • • ■ U £ d is 

a configuration of ©^ =1 (Byli Ze^- Let 

S = K[Bx U • • • U S d ] - £[*/f I i G M, j g [A,-]] 
be the N rf -graded polynomial ring with deg Nrf y. = e t . Then 

S^ = K[^[S u ...,S d ]]. 
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Example 4.4. Let S = K[y\,y 2 , #3, J/4, #5] be N 3 -graded ring with 

deg N 3 yi = deg N3 y 2 = e u deg N3 i/ 3 = deg N3 y 4 = e 2 , deg N3 y 5 = e 3 . 

' 1 1 ^ 
LetJl= 10 2. Then 
I 1 2 1 J 

= K\t/iy 3 y s ,yiy4ys,y7^3ys,ymys, y\y%yiy% ylys^my^ylys]- 

Theorem 4.5 ((H Theorem 2.5). Let the notation as above. Then the following holds: 

(1) If Pft admit initial ideals of degree at most m, then so is P^[e u ...,s d ]- 

(2) lfPj\ admit square-free initial ideals, then so is PM[B u ...,G d ]- 

Theorem 4.6. Let S = K[y] = K[y ( j } \ i e [d], j e [A,-]] be fi d -graded polynomial ring 
with deg N rf y ) = as above. Let R = K[x a \ a e J?l[£i, . . . ,&d]] be a polynomial ring, 
and set (pM[Bi,...,e d ] '■ R - > S , x a i-» y". Let I c S be an N d -graded ideal. If I and P^ admit 
quadratic Grobner bases with respect to some term orders, then so does £ i(0. 

Proof. If P& admits a quadratic initial ideal, then so does P^[s u ...,s d ] (ED Theorem 3.6). 
Therefore the assertion follows from Theorem l3.16l □ 

Theorem 4.7. Let d > and A t e N for i e [d] be integers, X, d = ®^ =1 Ze, a free Z- 
module of rank d with a basis e\, . . . , e d , and S = K[y^ I i G [d], j G [Aj]] a X, d -graded 

polynomial ring with degy^ = e t for i e [d], j e [Ai]. Let M c N d = ® ;=1 Ne,- be a 
configuration. Let *V be a v x p integer matrix, and W\, . . . , w d G Z v linearly independent 
vectors. For i e [c/], we./Lt a finite set 

Si = [bf I j e [Ai]} c Fibers,-) = {b G Z^ | «V • b = a>;} c Zf. 

We set S = S\ U • • • U S d . Then S is a configuration ofZr 1 , and the following hold. 

(1) If both ofPg and P^ admit initial ideals of degree at most m, then so is Pn[Si,.,.,B d ]- 

(2) If both of Ps and P^ admit square-free initial ideals, then so is P^.[B u ..„s d y 

Proof. Let R = K[x a \ a e &[G U . . .,& d ]], S = K[yf \ i G [d], j e [Ai]] be polynomial 
rings, and set (f>^[e u ...,8 d ] ■ R -> S , x a h> y a , and cp® : S -» ^[z ±! ] = ^[z* 1 , . . . 
gfj i-> z*/. Then g o ^ [Sl A] = Since w u ... ,w d e Z^ are linearly 

independent, P s = Ker0 s is a Z rf -graded ideal. Applying Theorem 14 .61 to the Z J -graded 
ideal P s , we conclude the assertion. □ 



Acknowledgement. This research was supported by JST, CREST. 

References 

[1] S. Aoki, T. Hibi, H. Ohsugi, A. Takemura, Grobner bases of nested configurations, J. Algebra 320 
(2008), no. 6, 2583-2593 

[2] W. Bruns, J. Gubeladze, Polytopes, rings, and K-theory, Springer Monographs in Mathematics. 

Springer, Dordrecht, 2009. 
[3] D. Cox, J. Little, D. O'Shea, Ideals, Varieties and Algorithms, Springer- Verlag, 1992. 



GROBNER BASES OF CONTRACTION IDEALS 



19 



[4] D. Cox, J. Little, D. O'Shea, Using Algebraic Geometry, Springer- Verlag, 1998. 

[5] P. Diaconis, B. Sturmfels, Algebraic algorithms for sampling from conditional distributions, Ann. 

Statist. 26, no. 1, 363-397, 1998. 
[6] D. Eisenbud, A. Reeves, B. Totaro, Initial ideals, Veronese subrings, and rates of algebras, Adv. Math. 

109 (2) (1994), 168-187. 

[7] D. Emanuela, Toric rings generated by special stable sets of monomials, Math. Nachr. 203 (1999), 
31-45. 

[8] T. Hibi, H. Ohsugi, Toric rings and ideals of nested configurations, J. Commut. Algebra 2 (2010), no. 
2, 187-208.. 

[9] B. Sturmfels, Grobner Bases and Convex Polytopes, Univ. Lecture Ser., vol. 8, Amer.Math. Soc, 
Providence, 1996. 

[10] S. Sullivant, Toric fiber products, J. Algebra 316 (2007), no. 2, 560-577. 

Department of Mathematics, Rikkyo University, Nishi-Ikebukuro, Tokyo 171-8501, Japan 
E-mail address: shibuta@rikkyo .ac.jp 



